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Neutrino flavor conversion studies based on astrophysical environments usually implement neu-
trino mixings, neutrino interactions with matter and neutrino self-interactions. In anisotropic media,
the most general mean-field treatment includes neutrino mass contributions as well, that introduce
a coupling between neutrinos and antineutrinos termed helicity or spin coherence. We discuss res-
onance conditions for helicity coherence for Dirac and Majorana neutrinos. We explore the role of
these mean-field contributions on flavor evolution in the context of a binary neutron star merger
remnant. We find that resonance conditions can be satisfied in neutron star merger scenarios while
adiabaticity is not sufficient for efficient flavor conversion. We analyse our numerical findings by dis-
cussing general conditions to have multiple MSW-like resonances, in presence of non-linear feedback,
in astrophysical environments.
PACS numbers: 14.60.Pq, 13.15.+g, 97.60.Jd
I. INTRODUCTION
Since the neutrino oscillation discovery by the Super-
Kamiokande and the SNO experiments [1, 2], precision
measurements have accurately determined the funda-
mental oscillation parameters. Upcoming experiments
should uncover the neutrino mass ordering, the octant of
the second mixing angle, the CP violating phases. The
combined analysis of available data has a preference for
the normal hierarchy, a non-maximal octant and a CP
violating phase around 1.5pi, although the statistical sig-
nificance is still low [3]. Crucial open questions are also
the neutrino absolute mass value and the neutrino nature
(Majorana versus Dirac).
Neutrino propagation in our Sun is modified by
neutrino-matter interactions. These are well accounted
for by a mean-field that produces the Mikheev-Smirnov-
Wolfenstein suppression of high energy solar electron
neutrinos [4, 5] (see e.g. [6, 7]). A key achievement of
solar neutrino physics is also the confirmation of hydro-
gen burning of main sequence stars through the proton-
proton reaction chain. This has been crowned by the
observation of pp neutrinos by the Borexino collabora-
tion.
Flavor evolution in dense astrophysical environments
has turned out to be complex. The presence of sizeable
neutrino self-interactions render the question of neutrino
evolution intrinsically non-linear and of many-body na-
ture, as first pointed out by Pantaleone [8]. The inclusion
of ν-ν interactions [9] has triggered a decade of theoreti-
cal investigations. Models of increasing complexity have
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revealed a variety of flavor instabilities, some of which
have been interpreted in terms of collective conversion
phenomena (see e.g. the reviews [10, 11]). Flavor in-
stabilities due to the neutrino self-interaction occur in
core-collapse supernovae, in accretion-disks around black
holes [12] and compact binary systems, including black
hole-neutron star [13, 14] and neutron star-neutron star
binaries [15, 16]. Such studies are necessary to assess
the actual impact on the supernova dynamics and on the
nucleosynthetic r-process abundances in neutrino-driven
winds in these astrophysical sites. Observations of future
core-collapse supernova explosions, or of the diffuse su-
pernova neutrino background require a solid understand-
ing of flavor evolution in media as well.
Theoretical investigations of neutrino propagation in
dense media are based on the Liouville Von-Neumann
equations for one-body neutrino density matrices [17, 18].
However, the most general mean-field equations include
supplementary contributions coming from the non-zero
neutrino mass [19–21] and from neutrino-antineutrino
pairing correlations [19, 20]. Ref.[21] has first provided
quantum kinetic equations for Majorana neutrinos in-
cluding the coupling between neutrinos and antineutrinos
due to the neutrino mass. This is referred to as spin co-
herence Ref.[21] or helicity coherence Ref. [20]. Ref.[19]
has obtained a rigorous derivation of the neutrino evo-
lution equations based on the Born-Bogoliubov-Green-
Kirkwood-Yvon hierarchy approach. Moreover neutrino-
antineutrino pairing correlations have been first imple-
mented explicitly. The concise quantum field theory
derivation of Ref. [20] has provided the mass and the
pairing mean-field contributions in both the Dirac and
the Majorana cases. As in the case of mass contributions,
pairing correlations also introduce a coupling between
neutrinos and antineutrinos. In both cases anisotropy of
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2the medium is necessary for mass and the pairing con-
tributions to the neutrino Hamiltonian to be non-zero.
The role of the mean-field contributions to the neutrino
evolution equations given by the mass and the pairing
terms still need to be fully assessed. Beyond the mean-
field approximation, a third correction to the neutrino
evolution equations comes from collisions. In fact, at the
neutrinospheres, a small fraction of the neutrino flux can
still propagate along non-forward directions due to last
collisions. A small contribution of a backward flux can
produce significant flavor change, as Ref.[22] has shown in
the context of a core-collapse supernova schematic model.
Demanding simulations that implement self-consistently
collisions, neutrino mixings and mean-field terms in a full
Boltzmann treatment are still missing.
The one-flavor schematic model of Ref.[23] has shown
that spin coherence can produce a MSW-like phe-
nomenon between neutrinos and antineutrinos. Under
specific conditions, a cancellation between the matter and
neutrino self-interaction can fulfill the resonance condi-
tion between the two sectors. Moreover the non-linearity
of the equations can introduce a non-linear feedback.
This has a twofold effect : the region where the can-
cellation (and the resonance) occur can be extended and
the adiabaticity of the evolution at the resonance can
be increased. As a result significant swapping of the neu-
trino and antineutrino fluxes is produced for some choices
of the parameters. This non-linear mechanism is partic-
ularly intriguing since the mass contributions turn out
to be suppressed by the ratio of the neutrino mass over
energy, as one would naively expect [20, 21]. A rough
estimate of the size of mass and pairing mean-field terms
is given in Ref.[24] which has also pointed out that a
MSW-like phenomenon might be produced by the mass
terms, while the MSW-like resonance condition cannot
be fulfilled for pairing contributions. For the latter, non-
linearity could still amplify their effects.
The goal of the present manuscript is to investigate
the possible role of helicity coherence within a two-flavor
framework, based on detailed astrophysical simulations.
The aim is to identify under which conditions the helic-
ity coherence resonance can be fulfilled and non-linear
feedback operate. We choose to set ourselves in a binary
neutron star merger environment and employ the results
for the matter density profiles, the electron fraction and
the neutrino luminosities from the binary neutron star
(BNS) merger simulation of Ref.[25]. We perform numer-
ical calculations to determine neutrino flavor evolution,
oscillation probabilities and the associated adiabaticity
parameters through the helicity coherence resonances.
We consider three model cases that are representative
of the ensemble of the astrophysical conditions we have
explored. In order to interpret our numerical findings,
we provide a simple first-order perturbative analysis of
the conditions to have multiple resonances induced by
a non-linear feedback, producing efficient flavor conver-
sions. We take the cases of the matter neutrino resonance
(MNR), found in accretion disks around black-holes or
binary neutron star mergers, and the model of Ref.[23]
as examples of situations where this mechanism operates
and discuss, comparatively, the situation with helicity
coherence in our setting.
The paper is structured as follows. Section II intro-
duces the helicity structure of the Hamiltonian and of
the mean-field evolution equations, with mass contribu-
tions, both for Majorana and Dirac neutrinos. Then our
schematic model is described and the geometrical factors
given. Section III presents the two-flavor results on the
neutrino flavor evolution. The resonance and the adia-
baticity conditions are discussed for three model cases.
Section IV provides a lowest-order linear analysis of mul-
tiple crossings induced by non-linear feedback. Section
V is our conclusions.
II. THEORETICAL FRAMEWORK
A. Mean-field evolution equations with mass
contributions
Neutrino evolution in an astrophysical background of
matter, neutrinos and antineutrinos is usually described
through two-point correlation functions. In the case of
Majorana neutrinos, these are given by (we will employ
natural units ~ = c = kB = 1)
ρij (t, ~q,−) = 〈a†j(t, ~q,−)ai(t, ~q,−)〉, (1)
ρ¯ij (t, ~q,+) = 〈a†i (t, ~q,+)aj(t, ~q,+)〉,
and depend on time, on particle momentum and on pos-
itive (h = +) or negative (h = −) helicity states. The
labelling i, j are either mass or flavor indices. The cre-
ation and annihilation operators a† (b†) and a (b) for
neutrinos (antineutrinos) satisfy the nonzero equal-time
anti-commutation relations
{ai(t, ~p, h), a†j(t, ~p ′, h′)} = (2pi)3δ(3)(~p− ~p ′)δhh′δij , (2)
and similarly for the anti-particle operators.
In the present manuscript, we will refer to mass con-
tributions to denote corrections to the relativistic limit,
that are proportional to the mass and associated with
two-point correlators
ζij(t, ~q ) = 〈a†j(t, ~q,+)ai(t, ~q,−)〉, (3)
and its hermitian conjugate, that account for helicity
change [20, 21]. Obviously, neutrino evolution studies
also include the usual mixing terms that depend on the
3mass-squared differences. We will not refer to these when
discussing effects from mass contributions, although they
are included in our simulations.
Neglecting collisions, the most general mean-field
Hamiltonian has the form [20]
Heff(t) =
∫
d3x ψ¯i(t, ~x)Γij(t, ~x)ψj(t, ~x), (4)
that is, it is bilinear in the neutrino field ψi. The kernel
Γij depends on the composition of the background and
the kind of interactions that neutrinos undergo. In our
schematic model in two flavors, we will consider a ho-
mogeneous, unpolarised, anisotropic background of neu-
trons, protons, electrons, neutrinos and antineutrinos.
Therefore the kernel Γij of Eq.(4) implements charged-
or neutral-current interactions of νe, ν¯e, νx and ν¯x
1 with
such particles.
To render the manuscript self-consistent, we quote here
results that are relevant for the investigation of the effects
from mass contributions; while the explicit expression
of Γ and the detailed derivation of neutrino evolution
equations are given in Ref.[20]. We will present results for
Majorana neutrinos, while those for Dirac are reported
in Appendix A.
Using the Ehrenfest theorem, extended mean-field
equations of motion for correlators (1) and (3) can be
easily derived. For example for the neutrino density ma-
trix one has
iρ˙ij (t, ~q,−) = 〈[a†j (t, ~q,−) ai (t, ~q,−) , Heff(t)]〉. (5)
Then, the ensemble of equations describing neutrino and
antineutrino propagation can be cast in the compact
form2 [20]
iρ˙G (t, ~q ) = [hG (t, ~q ) , ρG (t, ~q )] , (6)
where the generalized density matrix is3
ρG (t, ~q )≡
(
ρ (t, ~q ) ζ (t, ~q )
ζ† (t, ~q ) ρ¯T (t, ~q )
)
, (7)
1 νx(ν¯x) stands for muon or tau (anti)neutrinos, or their combina-
tion.
2 Note that we have dropped the subscript M used in Ref.[20]
everywhere in the equations to simplify notations. Note also
that in this manuscript we do not consider contributions from
the pairing correlators. The full set of equations for Dirac and
Majorana neutrinos with such contributions is given in Appendix
A of Ref. [20].
3 Note that in the present manuscript we denote with ~q instead
of −~q the momentum for antineutrinos. This former convention
introduces sign differences in the expressions where antineutrino
momenta are present, compared to Ref.[20], where the latter con-
vention was employed.
with ρ and ρ¯ Nf ×Nf sub-matrices, corresponding to the
usual neutrino and antineutrino density matrices Eq.(1).
Nf is the number of neutrino families and the upper-
script T indicating transposed. The generalized Hamil-
tonian is
hG (t, ~q )≡
(
H(t, ~q ) Φ(t, ~q )
Φ†(t, ~q ) −H¯T (t, ~q )
)
. (8)
Both matrices have a 2Nf × 2Nf flavor (or mass) and
helicity structure. The quantities H and H¯ are the neu-
trino and antineutrino Hamiltonians respectively, while
the off-diagonal term Φ is the helicity coherence matrix,
coupling the neutrino and antineutrino sectors.
In the mass basis, the mean-field Hamiltonian contri-
butions are given by
H(t, ~q ) = S(t, q)− qˆ · ~V (t)− qˆ · ~Vm(t), (9)
for the neutrino sector and
H¯(t, ~q ) = S¯(t, q)− qˆ · ~V (t)− qˆ · ~Vm(t), (10)
for the antineutrino sector. The quantity qˆ = ~q/q denotes
the unit vector pointing in the neutrino momentum di-
rection (q is the modulus of ~q).
The Nf × Nf scalar S(t, q) and vector ~V (t) ma-
trices receive contributions from the neutrino mixings,
the neutrino-matter charged- and neutral-current in-
teractions as well as the neutral-current neutrino self-
interactions. Their explicit expressions in the flavor basis
read [20]
S(t, q) = h0(q) + hmat(t) + hself(t), (11)
S¯(t, q) = −h0(q) + hmat(t) + hself(t), (12)
for neutrinos and antineutrinos respectively. The first
terms correspond to the vacuum contributions which are
h0 = UhvacU
†, (13)
with hvac = diag(Ei), Ei,i=1,Nf being the eigenenergies of
the propagation eigenstates. The quantity U is the Maki-
Nakagawa-Sakata-Pontecorvo (MNSP) Nf ×Nf unitary
matrix relating the mass to the flavor basis [32]. The
second terms in Eqs.(11)-(12) are the scalar neutrino-
matter contribution to the mean-field
hmat,αβ(t) =
√
2GF δαβ
[
ne(t)δαe − 1
2
nn(t)
]
, (14)
with the particle number density
nf (t) = 2
∫
d3p
(2pi)3
ρf (t, ~p ), (15)
f = e and n standing for electrons and neutrons respec-
tively. Note that, in Eq.(14), both the charged-current
4neutrino-electron and the neutral-current neutrino-
neutron contributions need to be included. In fact, in
our investigation, the neutral current term cannot be dis-
carded from the Hamiltonian hG Eq.(8), as usually done,
since its contribution is not proportional to the identity
matrix.
The third terms in Eqs.(11)-(12) come from neutral-
current neutrino-neutrino interactions
hself(t) =
√
2GF
∫
d3p
(2pi)3
[ρ(t, ~p)− ρ¯(t, ~p)] + L, (16)
with L the conserved lepton number in two flavors
L =
√
2GF tr
[∫ d3p
(2pi)3
[ρ(t, ~p)− ρ¯(t, ~p)]
]
, (17)
tr indicating the trace. Note that, again, the trace terms
have to be retained. The mean-field matrices Eqs.(9)-
(10) involve the vector term
~V (t) = ~Vmat(t) + ~Vself(t), (18)
that receives contributions from the matter-neutrino cur-
rent
~Vmat,αβ(t) =
√
2GF δαβ
[
~Je(t)δαe − 1
2
~Jn(t)
]
(19)
and the neutrino-neutrino one
~Vself(t) =
√
2GF
∫
d3p
(2pi)3
{
pˆ [ρ(t, ~p)− ρ¯(t, ~p)]
}
+ ~k. (20)
The particle velocity densities are
~Jf (t) = 2
∫
d3p
(2pi)3
~vfρf (t, ~p ), (21)
with ~vf = ~p/E
f
p , E
f
p =
√
p2 +m2f , and the quantity
~k is
~k =
√
2GF tr
∫
d3p
(2pi)3
{
pˆ [ρ(t, ~p)− ρ¯(t, ~p)]
}
, (22)
where pˆ = ~p/p. In Eqs.(9)-(10) the inclusion of mass
contributions gives a supplementary diagonal term
~Vm(t) = −
√
2GF
∫
d3p
(2pi)3
{
e−iφp ˆp Ω(t, ~p)
m
2p
+ h.c.
}
(23)
−
√
2GF tr
∫
d3p
(2pi)3
{
e−iφp ˆp Ω(t, ~p)
m
2p
+ h.c.
}
,
with
Ω(t, ~p) = ζ(t, ~p ) + ζ¯(t, ~p ). (24)
Finally the off-diagonal helicity coherence matrix reads
[20, 21]
Φ(t, ~q ) = eiφq ˆ∗q ·
[
~V (t)
m
2q
+
m
2q
~V T(t)
]
, (25)
where m denotes the mass matrix, and φq is the polar
angle of the vector ~q in spherical coordinates. This off-
diagonal term mixes neutrino and antineutrino evolution.
The contributions in Eqs.(23)-(25) come from the mat-
ter and neutrino currents perpendicular to the neutrino
direction of motion, since the complex vectors
µ(pˆ) =
(
0
ˆp
)
, (26)
and ˆ∗p span the plane orthogonal to ~p.
4 As expected
the mass terms are suppressed by m/q. Note that, in the
ultrarelativistic limit, the different helicity sectors are de-
coupled and one recovers the commonly used theoretical
description of neutrino propagation in media.
B. The Majorana case with Nf = 2
We present here our model to explore effects from the
mass contributions on the neutrino propagation in an
astrophysical environment. We consider Majorana neu-
trinos within a two-flavor theoretical framework. As we
will discuss, such results are also representative of the
Dirac case. The neutrino evolution can be determined
using Eq.(6). Unless otherwise specified, from now on,
all the expressions will be in the flavor basis. The 4 × 4
generalized density matrix Eq.(7) is given by
ρG (t, ~q ) =
(
ρ ζ
ζ† ρ¯T
)
=

ρee ρex ρ
−+
ee ρ
−+
ex
ρ∗ex ρxx ρ
−+
xe ρ
−+
xx
ρ+−ee ρ
+−
xe ρ¯ee ρ¯
∗
ex
ρ+−ex ρ
+−
xx ρ¯ex ρ¯xx
 . (27)
Note that, to simplify notations, the explicit dependence
on the variables (t, ~q ) is not shown on the r.h.s. of the
equation.
For Majorana neutrinos in two flavors, the MNSP ma-
trix reduces to
U = VD =
(
cos θ eiα/2 sin θ
− sin θ eiα/2 cos θ
)
, (28)
4 In terms of an oriented triad of real orthogonal unit vectors
(pˆ, pˆθ, pˆφ), for instance the standard unit vectors associated to
~p in spherical coordinates, one has ˆp = pˆθ − ipˆφ. Note that,
ˆp · ˆp = 0, ˆp · ˆ∗p = 2, µ(pˆ)µ(pˆ) = 0, µ(pˆ)∗µ(pˆ) = −2 and that
µ(−pˆ) = ∗µ(pˆ).
5where V is a rotation matrix, while D = diag(1, eiα/2)
with α the (unknown) Majorana phase. The vacuum
Hamiltonian in the flavor basis Eq.(13) reduces to the
usual form
h0 = ω
(−c2θ s2θ
s2θ c2θ
)
, (29)
with ω = ∆m
2
4E , ∆m
2 = m22 −m21, E = q is the neutrino
energy, s2θ = sin 2θ and c2θ = cos 2θ. The matter term
Eq.(14) is
hmat,αβ(t) =
√
2
2
GF δαβ [2δαeYe(t)− (1− Ye(t))]nB(t),
(30)
with nB the baryon number density, Ye the electron frac-
tion. Note that we did not include the contributions to
the diagonal matrix elements from the matter currents,
since they are much smaller than the scalar term. The
neutrino self-interaction Hamiltonian Eqs.(16)-(18) reads
hνν (t, ~q ) =
√
2GF
∑
α=e,x
[
∫
(1− qˆ · pˆ) (31)
× [dnναρνα(t, ~p)− dnν¯α ρ¯ν¯α(t, ~p)]] + L− qˆ · ~k,
with L and ~k given by Eqs.(17) and (22) respectively.
The quantity dnνα denotes the differential number den-
sity of neutrinos and the underline refers to the neutrinos
initially born with α flavor. Besides such contributions
that are usually included in flavor evolution studies, the
Hamiltonian presents the diagonal mass term and the off-
diagonal one that depends on the matter and the neutrino
currents. As we will discuss, since the diagonal contribu-
tion from the neutrino mass Eq.(23) is very small, it will
not be implemented in our calculations.
The generalized Hamiltonian matrix Eq.(8) reads5
hG (t, ~q ) =

−ωc2θ + λYe + heeνν ωs2θ + hexνν Φee Φex
ωs2θ + h
xe
νν ωc2θ + h
xx
νν Φxe Φxx
Φ†ee Φ
†
ex −ωc2θ + λ(1− 2Ye)− heeνν ωs2θ − hxeνν
Φ†xe Φ
†
xx ωs2θ − hexνν ωc2θ + λ(1− Ye)− hxxνν
 , (32)
where λ =
√
2GFnB . Note that the quantity
λ
2 (Ye −
1)I4×4, with I4×4 the identity matrix, has been sub-
tracted from the diagonal.
The helicity coherence terms Eq.(25) in the flavor basis
is given by
Φ(t, ~q) =
[
eiφq ˆ∗q · ~V (t)
]
U
m
2q
UT+U
m
2q
UT
[
eiφq ˆ∗q · ~V T(t)
]
.
(33)
By using cθ = cos θ and sθ = sin θ, one can rewrite the
factor associated with the mass matrix as
U
m
2q
UT = m0
(
c2θ + e
iαs2θ sθcθ(e
iα − 1)
sθcθ(e
iα − 1) s2θ + eiαc2θ
)
(34)
+
∆m2
4m0
( −c2θ + eiαs2θ sθcθ(eiα + 1)
sθcθ(e
iα + 1) −s2θ + eiαc2θ
)
,
where we have introduce the quantity m0 = (m1+m2)/2.
C. The Dirac case with Nf = 2
We present here the explicit expression of the Hamilto-
nian in the Dirac case. The equations of motion are given
in Appendix A. The main difference from the Majorana
case is that the sub-sectors with the ”wrong” helicities,
ρ++ and ρ¯−−, involve sterile components. Moreover, in
the Dirac case, there are two 4×4 generalized Hamiltoni-
ans that need to be evolved : one for neutrinos, and one
for antineutrinos. For neutrino, the generalized density
matrix Eq. (A4) reads
ρD,G (t, ~q ) =
(
ρ ζ
ζ† ρ˜
)
=

ρee ρex ρ
−+
ee ρ
−+
ex
ρ∗ex ρxx ρ
−+
xe ρ
−+
xx
ρ+−ee ρ
+−
ex ρ˜ee ρ˜ex
ρ+−xe ρ
+−
xx ρ˜
∗
ex ρ˜xx
 .
(35)
The (−−) sub-sector in the generalized Hamiltonian (A3)
is very similar to the one in the Majorana case ; how-
ever, due to the fact that the sterile component does not
interact with matter or neutrinos, the (++) sub-sector
includes only the 2× 2 vacuum Hamiltonian. The gener-
alized Hamiltonian for neutrinos is therefore
5 Here we have omitted again the explicit dependence on the vari- ables not to overburden notations.
6hD,G (t, ~q ) =

−ωc2θ + λ′(3Ye − 1) + heeνν ωs2θ + hexνν Φ˜ee Φ˜ex
ωs2θ + h
xe
νν ωc2θ + λ
′(Ye − 1) + hxxνν Φ˜xe Φ˜xx
Φ˜†ee Φ˜
†
ex −ωc2θ ωs2θ
Φ˜†xe Φ˜
†
xx ωs2θ ωc2θ
 , (36)
with 2λ′ = λ. A similar expression can be written for the
generalized Hamiltonian for anti-neutrinos, h¯D,G (A6),
with, of course, the (−−) and (++) sectors reversed.
D. Our schematic model based on neutron star
mergers simulations
Neutron star mergers produce lots of low energy neutri-
nos in the accretion disk during the post-merger phase.
In such sites flavor evolution studies show the presence
of MNR conversion phenomena that require a cancella-
tion between the matter and the neutrino self-interaction
contributions. As we will show, the corresponding reso-
nant condition is very close to one of the resonant con-
ditions due to the helicity coherence term. Moreover,
MNR also shows a non-linear feedback mechanism that
presents a similarity, in the sense that it is capable of
maintaining the resonance over long distances, with the
one found in the first (one-flavor) study of mass effects in
core-collapse supernovae [23]. In order to explore mass
effects in a more realistic settings, we have built a two-
flavor schematic model in an extended mean-field approx-
imation, based on simulations of BNS mergers. Our goal
is to identify if and under which conditions, the mass
contributions can produce efficient flavor conversion.
According to the detailed simulations of Ref.[25], a cen-
tral object is formed by the merging process, with a ra-
dius of about 30 km. In our scenario neutrinos produced
in such event evolve in a static background of matter,
neutrinos and antineutrinos. Therefore we will replace
the t-dependence of our variables by an r-dependence,
i.e. the distance r travelled by the neutrino from its point
of emission. To simplify the problem while keeping the
essential features, we approximate the neutrinospheres as
an infinitely thin disk with maximal sizes Rν , as previ-
ously done in the literature [12, 13, 15, 16]. Three dif-
ferent disk sizes are considered for the νe, ν¯e and νx (or
ν¯x) (Table I). In particular, the νx and ν¯e neutrinosphere
radii are very close and smaller than the νe outermost
radius. Note that this difference in Rν and in the lu-
minosities can induce a sign change in the neutrino self-
interaction potential, producing the so-called symmetric
matter neutrino resonance (sMNR) phenomenon where
both electron neutrinos and antineutrinos modify their
•
x0
z0
νq
qˆθq
•
νp
pˆ
p⊥
~J⊥mat
FIG. 1. Geometry of our model. The blue surface shows
the neutrinospheres, that we will approximate later on as in-
finitely thin disks. We chose the emission point (x0, z0) of our
test neutrino νq on this surface, while the angle θq fixes the
direction of its momentum qˆ (φq is set to zero). The quantity
~J⊥mat indicates the perpendicular matter current. The momen-
tum pˆ of the background neutrino νp also has a component p
⊥
perpendicular to the test neutrino, creating a neutrino current
perpendicular to the test neutrino trajectory.
flavor content. This phenomenon is first pointed out in
in an accretion-disk black hole scenario Ref.[12] and fur-
ther investigated in [13, 15, 16].
Our model is two-dimensional and has an azimuthal
symmetry axis (see Figure 1). Neutrinos evolve along a
straight line trajectory (we neglect the bending due to
the presence of strong gravitational fields). In order to
follow neutrino evolution along a given trajectory, we use
a spherical coordinate system given by (r, θ, φ) (Figures 1
and 13), while for the neutrino background it is useful to
express (θ, φ) back to the emission point (rd, ϕ, 0) on the
disk, as first introduced in Ref.[27] (see Appendix B and
Figure 14). For the matter Hamiltonian Eq.(14) we have
used cylindrical averages of the the electron fraction and
the baryon number density results of Ref.[25]. Therefore,
in our calculations, both nB = nB(r) and Ye = Ye(r).
As for the self-interaction Hamiltonian, one needs to
implement the differential number density dnνα
dnνα = jνα (p) dpdφpd cos θp, (37)
for neutrinos emitted isotropically from any point on the
surface of the disk. A similar expression holds for an-
7〈Eν〉 Lν Rν
νe 10.6 15 84
ν¯e 15.3 30 60
νx 17.3 8 58
TABLE I. Electron and non-electron neutrino flavors : Av-
erage neutrino energy (MeV) from Ref.[16], luminosities in
units of 1051 erg/s from Ref.[25]. The last column furnishes
the outermost radii (km) Ref. [16]. Such values correspond to
the neutrinospheres of a neutron star merger at 100 ms after
the merging process.
tineutrinos. The quantity
jνα (p) =
Lναfνα (p)
pi2R2να 〈Eνα〉
, (38)
is the neutrino number density per unit angle per unit
energy, and (θp, φp) the spherical coordinates of pˆ (Fig-
ure 13). The angular integration is performed over the
boundaries Ωνα (Ων¯α) of the corresponding ν (ν¯) neutri-
nosphere. Introducing Eq.(37)-(38) into (31) the explicit
expression for the neutrino-neutrino term reads
hνν(r, q, `q) =
√
2GF
∑
α=e,x
∫ ∞
0
∫
Ων¯α,να
dp dΩ(1− qˆ · pˆ)
[
ρνα(r, p, `p)
Lναfνα(p)
pi2R2να 〈Eνα〉
− ρ¯ν¯α(r, p, `p)
Lν¯αfν¯α(p)
pi2R2ν¯α 〈Eν¯α〉
]
, (39)
where the underline in να and ν¯α indicates the initial
neutrino flavor. The variables, on which the neutrino
evolution depends, include `i ≡ (θi, φi,Q0) with the an-
gles (θi, φi) (i = p or q) defining the neutrino trajectory
and the coordinates Q0 ≡ (x0, z0) giving the neutrino
point of emission in the pixz plane. The functions Lνα
(Lν¯α) are the total neutrino luminosities, that have to be
divided by two in Eq. (39) since we consider the neutrino
emitted in only one hemisphere, whereas fνα (fνα) are the
neutrino (antineutrino) spectra, at the neutrinospheres.
In this first exploratory work based on a two-
dimensional model for two-neutrino flavors, we have used
an approximate treatment of the self-interaction Hamil-
tonian that consists in assuming that neutrino trajecto-
ries are all coupled and follow the same flavor history as
the test neutrino along a given trajectory, i.e.
ρν(r, ~p) = ρν(r, p), (40)
and similarly for ρ¯ν . This procedure is analogous to
the so-called ”single-angle” approximation in the core-
collapse supernova context, first introduced in the bulb
model [9]. We emphasise that our treatment of the self-
interaction reduces to the ”single-angle” approximation,
if one imposes spherical and azimuthal symmetry, as in
the bulb model. According to multi-angle studies of fla-
vor evolution in core-collapse supernovae, the inclusion of
the full angular dependence of the density matrices can
introduce decoherence of collective flavor conversion ef-
fects (see e.g. [34]). In case of positive findings in future
studies, one would need to go beyond and implement the
full angular dependence in Eq.(40).
By imposing Eq.(40) the integral over the angular vari-
ables can be performed giving the geometrical factor
Gνα(r, `q) =
∫
Ωνα
dΩ(1− qˆ · pˆ), (41)
and similarly for Gν¯α . As a consequence, Eq.(39) be-
comes
hνν(r, q, `q) =
√
2GF
∑
α=e,x
∫ ∞
0
dp
[
Gνα(r, `q)ρνα(r, p)
Lναfνα(p)
pi2R2να 〈Eνα〉
− ρ¯ν¯α(r, p)Gν¯α(r, `q)
Lν¯αfν¯α(p)
pi2R2ν¯α 〈Eν¯α〉
]
. (42)
The angular variables in (41) can be expressed as a func-
tion of the (rd, ϕ) variables defining the point in the emis-
sion plane pixz (Figure 14). The integral over ϕ is easily
performed and the geometric factor becomes
Gνα(r, `q) = z
∫ Rνα
0
drd rd Γ(rd, `q, r), (43)
where the explicit expression for Γ is given by Eqs.(B13-
8B14).
For the mass effects, one needs to specify the matter
and self-interaction contributions to the helicity coher-
ence term (25) as well as the supplementary diagonal
contribution (23). By taking constant matter velocities,
the matter currents contribution in Eq.(25) becomes
ˆ∗q · ~Vmat,αβ(r)=
√
2
2
GFβδαβ [2δαeYe(t)− (1− Ye(t))]nB(r).
(44)
For the self-interaction contribution to the helicity coher-
ence term, one needs to calculate ˆ∗q · ~Vself(r), that is
h⊥νν(r, q, `q) =
√
2GF
∑
α
∫ ∞
0
dp
{∫
Ωνα
(ˆ∗ (qˆ) · pˆ) ρνα(r, p, `p)dnνα
−
∫
Ων¯α
(ˆ∗ (qˆ) · pˆ) ρ¯ν¯α(r, p, `p)dnν¯α
}
. (45)
Using the hypothesis (40), a perpendicular geometrical
factor can be defined as
G⊥να (r, `q) =
∫
Ωνα
dΩ (ˆ∗ (qˆ) · pˆ) (46)
=
∫ Rνα
0
drd (rdz) Γ
⊥ (rd, `q, r) ,
where the dependence on the emission variables is shown.
The explicit expression for Γ⊥ is given by Eqs.(B9)-
(B10). Figures 2 and 3 show the geometrical factor (46)
as a function of the distance travelled by the neutrinos
from the neutrinospheres. The results correspond to the
cases A and C (Table II) which can be considered as rep-
resentative of the the typical behaviours of G⊥ν , as we
have been observing in our runs. One can see that G⊥ν
have a similar r dependence as Gν (43), as expected.
Their absolute values turn out to be suppressed by a
few percent up to several factors, with respect to the Gν
value. As we will discuss, the r dependence of Gν plays
a crucial role on the possibility to have multiple cross-
ings and a non-linear feedback mechanism in presence of
helicity coherence (see Section IV). By including Eq.(46)
into (45) one gets the same expression Eq.(42) for h⊥νν
with G⊥να Eq.(46) replacing Gνα Eq.(41).
The neutrino total luminosities and spectra at the
neutrinospheres are an essential ingredient of the self-
interaction Hamiltonians hνν and h
⊥
νν . As in Ref.[16],
we take the neutrino spectra fν¯ and fν at the neutri-
nospheres as Fermi-Dirac distributions,
fν(p) =
1
F2(0)
1
T 3
p2
exp(p/T ) + 1
, (47)
where T is the neutrino temperature. In this expression,
we have F2(0) =
3
2ζ(3) ≈ 1.80, and Fk(0) corresponds to
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FIG. 2. Geometrical factors for neutrinos (upper) and antineu-
trinos (lower figure), as a function of distance, in our schematic
model based on binary star mergers. The two curves corre-
spond to Gν (43) (solid line) and G
⊥
ν (46) (dashed line) in the
self-interaction Hamiltonian Eq.(42) and Eq.(45) respectively.
Results correspond to Model C (Table II).
the Fermi-Dirac integral of order k with zero degeneracy
parameter,
Fk(0) ≡
∫ ∞
0
dx
xk
exp(x) + 1
. (48)
Table I gives the values of the luminosities and average
energies for the different neutrino species used in our in-
vestigation.
Unoscillated ν self-interaction potentials constitute a
useful quantity to search for the location of helicity co-
herence resonances. They have been exploited in previ-
ous studies of the MNR and sMNR Ref.[12, 13, 15, 16].
9Such potentials are defined as
hunoscνν (r) =
√
2GF
∑
α=e,x
∫ ∞
0
dp
[
Gνα(r, `q)
Lναfνα(p)
pi2R2να 〈Eνα〉
(49)
−Gν¯α(r, `q)
Lν¯αfν¯α(p)
pi2R2ν¯α 〈Eν¯α〉
]
.
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FIG. 3. Same as Figure 2 for Model A (see Table II).
III. RESULTS
A. Resonance conditions for helicity coherence
We present here our analysis on the resonance conditions
in presence of mass contributions. Such situations can be
identified by looking at the unoscillated potentials, which
will use to characterise our model cases (A, B, C) that
will be presented in Section III.B. As shown previously,
the extended equations with mass terms include both
the diagonal Eq.(23)-(24) and the off-diagonal Eq.(25)
contributions. In the following discussion, we will neglect
the diagonal one since they are suppressed by several
orders of magnitude compared to the other terms, as we
have been verifying numerically. This is due to the fact
that ~Vm Eq.(23) involves correlators with helicity change
Eq.(7), in addition to being proportional to the neutrino
mass.
1. Majorana case
Conditions for the occurrence of MSW-like resonances6
are met when differences of diagonal elements of the gen-
eralized Hamiltonian Eq.(8) become small, i.e. hG,ii −
hG,jj ' 0 for i, j = 1 to 4 (i 6= j).
In treatments where neutrino evolution does not in-
clude mass terms, neutrino and antineutrino equations
of motions are only coupled through the usual self-
interaction Hamiltonian Eq.(42). In this case, the res-
onance condition in the neutrino sector reads
hG,11 − hG,22 = −2ωc2θ +
√
2GFnBYe + h
ee
νν − hxxνν ' 0.
(50)
In accretion disks around neutron star merger remnants
or black holes, the matter and neutrino self-interaction
terms have opposite signs, because the ν¯e luminosity is
larger than the νe one (see Table I). This can produce
a cancellation of the two contributions. The fulfillment
of condition (50) and the presence of sizeable Hex trig-
gers the MNR resonance phenomenon where νe change
their flavors while ν¯e do not. The location at which this
instability starts can be identified by looking at the mat-
ter and unoscillated neutrino profiles, as pointed out in
Ref.[13]. The same cancellation as (50) can take place in
the antineutrino sector, since the resonance condition is
given by
hG,33 − hG,44 = −2ωc2θ −
√
2GFnBYe − heeνν + hxxνν ' 0.
(51)
Note that depending on the neutrino luminosities and
the geometrical factors, the self-interaction term can
change sign twice, triggering flavor conversion also in the
antineutrino sector. This is a necessary condition for
the symmetric matter-neutrino resonance (sMNR) where
neutrinos and antineutrinos can modify their flavors [12].
Since we are looking for a situation in which the
neutrino-antineutrino coupling produced by the Φ term
in Eq.(8) is effective, there are four resonant conditions
between the neutrino and the antineutrino sectors. The
6 Note that other resonance phenomena might take place that do
not necessarily require such conditions.
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first one is
hG,11 − hG,33 =
√
2GFnB(3Ye − 1) + 2heeνν ' 0, (52)
where we have made use of the explicit expressions for
hG (32). Note that this relation does not involve vacuum
terms, and therefore will not depend on the neutrino hi-
erarchy nor on the neutrino energy. Its fulfillment in-
volves a cancellation between the matter term and the
self-interaction term that is very similar to the MNR con-
dition (50), and it can be identified by using the matter
and the unoscillated neutrino self-interaction potential
(49). Relation (52) can be met if Ye > 1/3 for h
ee
νν < 0 or
if Ye < 1/3 for h
ee
νν > 0. We remind that here hνν terms
also include trace terms Eqs.(17) and (22).
The second relation
hG,11−hG,44 = −2ωc2θ+
√
2GFnB(2Ye−1)+heeνν+hxxνν ' 0,
(53)
cannot be satisfied in the standard MNR set-up : a
neutron-rich environment which is also ν¯e dominated
nearby the neutrinosphere with heeνν + h
xx
νν < 0. When
a change of sign of heeνν +h
xx
νν occurs, which is the case in
the sMNR, this resonance may appear. The third rela-
tion
hG,22 − hG,44 = −
√
2GFnB (1− Ye) + 2hxxνν ' 0. (54)
is difficult to meet. Indeed, unless there is a sMNR, hxxνν
is negative, hence Eq. (54) cannot be fulfilled since Ye is
always smaller than 1. Finally the last condition is given
by
hG,22−hG,33 = 2ωc2θ+
√
2GFnB(2Ye−1)+heeνν+hxxνν ' 0,
(55)
which, as relation (53), cannot be met in the case of a
standard MNR. Note that the location of resonances from
the neutrino mass terms are affected by the presence of
the MNR resonance, since the MNR obviously modifies
the self-interaction contributions that appear in the he-
licity resonance conditions. Note that relations (52)-(55)
agree with those of Ref.[35].
From (50)-(52), a general relation for the resonance
conditions associated with the neutrino mass can be ob-
tained
√
2GFnBYe >
√
2GFnB(3Ye − 1) ' 2|heeνν | (56)
> |heeνν − hxxνν | > |heeνν |.
The first inequality holds if Ye < 1/2, while the second is
valid in the case of a standard MNR, where |heeνν | > |hxxνν |.
The central approximate equality corresponds to relation
(52), while the two quantities on the left and on the right
correspond to the MNR resonance condition (50). Rela-
tion (56) shows that the standard MNR and the helicity
coherence condition (52) cannot be satisfied simultane-
ously, while this is possible in the case of a symmetric
MNR.
Model Type x0 z0 θ0
A MNR 15 32 15◦
B helicity coherence 12 27 40◦
C MNR and helicity coherence -30 20 55◦
TABLE II. Characteristics of the three scenarios considered in
our schematic model. The second and third columns give the
location of the neutrino emission point x0 (km), z0 (km) while
θq defines the neutrino trajectory in the pixz plane (Figure 1).
2. Dirac case
If neutrinos are Dirac particles, the generalized Hamilto-
nian that governs the evolution is given by Eq.(36). In
this case the resonance conditions read
hD,G,11 − hD,G,33 = 1
2
[hG,11 − hG,33] ' 0, (57)
hD,G,22 − hD,G,44 = 1
2
[hG,22 − hG,44] ' 0, (58)
hD,G,11 − hD,G,44 = 1
2
[hG,11 − hG,33]− 2ωcθ ' 0, (59)
hD,G,22 − hD,G,33 = 1
2
[hG,22 − hG,44] + 2ωcθ ' 0. (60)
In the Dirac case the two conditions Eqs.(57) and (59)
can be satisfied in the same conditions than Eq. (52);
while Eqs.(58) and (60) requires a change of sign of heeνν+
hxxνν .
B. Numerical results on flavor evolution
We now present our numerical results on flavor evolu-
tion. We show neutrino survival probabilities and quan-
tify the adiabaticity of neutrino evolution through the
resonances. We have studied a large ensemble of condi-
tions, both for the potential profiles and parameters. We
emphasize that computations are particularly demanding
: indeed, we solve the coupled evolution equations of the
full 4× 4 generalized density matrices with four different
initial conditions, in a two-dimensional model, using 103
energy bins. We present results on the neutrino evolution
up to 300 km from the neutrinosphere, distance at which
the numerical convergence is achieved. Note that the
inputs from BNS merger simulations Ref.[25] have been
obtained following the same procedure as in Ref.[16].
In the present study, we have searched mostly for the
helicity coherence resonance conditions (52), which is the
most interesting one in our astrophysical setting, as well
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as more generally when Ye < 1/2
7. We choose to present
three model cases A, B, and C, that correspond to differ-
ent astrophysical conditions during neutrino evolution.
In Model A the MNR condition Eq. (50) is met, while
mass contributions are included without fulfillment of
the helicity coherence resonance Eq. (52). In Model B,
the helicity coherence resonance condition Eq.(52) is met,
while the MNR condition, which is also met, leads to no
flavor conversions. Model C has both the MNR (50) and
helicity (52) conditions fulfilled and the MNR effectively
leads to flavor conversions. Table II shows the initial
location and the angles defining the neutrino trajectory
followed in the three models. Note that we set φq = 0
since neutrinos follow straight line trajectories.
In order to fully unravel the effects of the mass terms
we have explored for each parameter a range of values.
For the total neutrino luminosity, we have used values
from Ref.[25] and rescaled ones, to investigate luminos-
ity variations within the range compatible with available
BNS merger simulations (see Ref.[16] for a detailed dis-
cussion). For the anisotropic matter term, we have con-
sidered matter velocities in the range β ∈ [0.05, 0.1], the
value of β = 0.1 being an upper bound for this type of
scenarios. In particular, we make the ansatz that the
perpendicular quantity is of the same order as the radial
ones (see Figures 15, 16, 19 of Ref.[25]). Our numerical
results show that anisotropy from the matter currents
is always suppressed compared to the neutrino current
anisotropy. Therefore our optimistic ansatz for the per-
pendicular velocities will have little impact on our con-
clusions. The results shown below are all obtained with
the value β = 0.1.
The additional contributions due to the neutrino mass
depend on the mass matrix Eq.(34). The neutrino mixing
parameters used in our simulations are ∆m2 = 2.43 ×
10−3 eV2 and sin2 θ = 0.087, consistently with measured
values [33]. As for the hierarchy, which is still unknown,
the mass effects do not appear to depend on the sign
of ∆m2, Eq.(52). A slight dependence is present when
the MNR occurs. We have performed calculations both
by taking/neglecting the ∆m2 term in Eq.(34) and the
Majorana phase. Our results turn out to be insensitive
to them.
Adiabaticity of the evolution at a resonance location
is crucial for flavor or helicity conversions to occur. Dif-
ferent approaches can be used to quantify it (see e.g.
[10, 31]), including the SU(2) neutrino isospin formal-
ism which is applicable to the two-flavor framework (Ap-
pendix C). Since, in our model, two neutrino and an-
tineutrino flavors are coupled to each other, the density
7 We are interested in flavor modifications in relation with nucleo-
synthesis where neutrinos plays a role, such as the r-process.
matrix is a 4 × 4 matrix. However, it turns out that in
most cases, either there are flavor conversions because of
the MNR while neutrinos and antineutrinos propagations
are decoupled; or the helicity coherence resonance is met
while MNR is ineffective. Therefore, we can effectively
apply the SU(2) neutrino isospin formalism to our sys-
tem. In the numerical results presented below, the angle
between the effective isospin and magnetic field will be
shown to quantify adiabaticity.
1. Model A
In this first model, our goal is to establish whether
some effects due to neutrino mass would appear in the ab-
sence of a helicity coherence resonance. For this reference
case, the luminosities used are rescaled Lνe,res = 0.65Lνe ,
Lνx,res = 1.16Lνx , while the ν¯e luminosity is unchanged.
Figure 4 shows the matter and unoscillated ν-ν poten-
tial Eq.(49) for Model A. While neutrino self-interaction
is larger than the matter potential close to the neutri-
nosphere, they cross at 40 km, the location for a MNR
resonance. In Model A, though there is a helicity coher-
ence resonance which would occur around 150 km due to
flavor conversions, we will focus on the region before to
show a reference calculation where the resonance helicity
condition is not fulfilled. We expect that, in the absence
of resonance condition for the mass terms, no new ef-
fects appear in the MNR region, since the coupling mq is
small. Indeed, we find the same flavor conversion due to
the MNR, as in absence of mass contributions.
The numerical results here are given for α = 5pi6 and
m0 = 0.1 eV. The survival probabilities for neutrinos
and antineutrinos are given in Figure 5 for the MNR
resonance region only and for several neutrino energies.
One can see that electron neutrinos efficiently convert
into νx whereas the antineutrinos do not modify their
flavor content, which is characteristic of MNR.
For neutrinos, there is an energy range between 4 MeV
and 13 MeV for which flavor conversions are efficient.
Above 13 MeV, though the resonance condition is ful-
filled, Figure 5 shows that the isospins do not follow the
evolution of the effective magnetic field, making the reso-
nance non-adiabatic. A detailed discussion on adiabacity
in presence of the MNR is made within schematic mod-
els in Refs.[28, 29]. In order to establish the importance
of each term in Eq. (50) to maintain the resonance over
such a long distance, we have performed a run where ar-
tificially the oscillating part of the term hxxνν is set to zero
(keeping only the trace part). The results are intriguing,
since we find that even with this term set to zero, the res-
onance still maintains over tens of kilometers, the value
of heeνν being readjusted at each time by the non-linearity.
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FIG. 4. Matrix elements appearing in the MNR Eq.(50) and
helicity resonance conditions (52) for Model A (Table II). The
values correspond to the matter and to the unoscillated self-
interaction potentials Eqs.(30) and (49) respectively. The
green pentagon shows the location of the beginning of the
MNR, while the blue dot shows the location of the helicity
coherence resonance.
2. Model B
Having shown that in the absence of helicity coherence
resonance, no effects arise from the mass terms, we now
explore the case in which there are resonances. Results
for the matter and unoscillated ν-ν potential Eq.(49) for
Model B are shown in Figure 6. Nearby the neutri-
nosphere, the neutrino potential dominates over the mat-
ter one, while after a few tens of km the situation gets re-
versed : the MNR condition is met at the crossing point,
around 12 km. However, the adiabaticity of the evolu-
tion is not sufficient to trigger flavor conversions. On the
other hand, the helicity coherence resonance Eq.(52) is
met at 34 km.
As explained before, the computations in this scenario
are very demanding. Since we established that in the
absence of a helicity coherence resonance, the results were
the same for the full 4× 4 problem as for two decoupled
2×2 neutrino and antineutrino matrices, we solve the full
problem around the helicity coherence resonances using
as initial conditions the results obtained in the absence of
the mass couplings8. Note that the results correspond to
the first helicity coherence resonance in Figure 6. Similar
results were obtained for the second resonance.
Figure 7 shows the resonance condition (52) as well as
the off-diagonal matrix element hG,13 that is non-zero in
8 This is done to keep the computational times manageable.
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FIG. 5. Model A : Electron neutrino (upper) and antineutrino
(middle figure) survival probabilities for different energies, in
presence of a MNR starting at 40 km (see Figure 4). The aver-
aged probability is also presented. The lower figure shows the
locally-averaged cosine of the angle between the effective isospin
and magnetic field.
presence of the neutrino mass, for an absolute mass of
m0 = 0.1 eV, and for the unrealistic value m0 = 100 eV.
In both cases, the Majorana phase is taken to be α = pi3 .
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FIG. 6. Same as Figure 4 but for Model B (Table II).
This case is taken as an example to point out that, even
when the off-diagonal terms are multiplied by a factor of
103 artificially, it is not sufficient to trigger a non-linear
feedback mechanism and the resonance width stays very
narrow. We will elaborate on this aspect in Section IV.
Figure 8 shows the electron neutrino survival proba-
bility and the angle quantifying the adiabaticity through
the helicity coherence resonance for three different ener-
gies as typical examples. As one can see the evolution
is completely non-adiabatic at the resonance, explaining
why there is no helicity conversions. Note that the evolu-
tion stays non-adiabatic even when the absolute neutrino
mass is larger by a factor of 103.
3. Model C
In model C, we look into the scenario where both an
effective MNR and the helicity coherence resonance are
met. The luminosities used here are rescaled νe and ν¯e
luminosities Lνe,res = 1.67Lνe , Lν¯e,res = 1.1Lν¯e , while
the νx luminosities are unchanged. Figure 9 shows the
matter potentials and the unoscillated neutrino poten-
tials. In the first kilometers, the matter dominates over
the neutrino potential, with two helicity coherence reso-
nances around 2 km and 7 km, up to 15 km where a first
MNR crossing occurs. Then, the neutrino potential dom-
inates until the second MNR crossing at 59 km, which is
a symmetric MNR. There is another helicity coherence
resonance at 64 km. In this model, there is a change of
sign for heeνν , and a little bit later, Ye goes from Ye >
1
3 to
Ye <
1
3 : because of these two changes, there is a fourth
helicity coherence resonance at 208 km.
The first two helicity coherence resonances are very
similar to the one observed in model B, because they
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FIG. 7. Model B : Resonance condition (52) (upper) as well as
the off-diagonal matrix element hG,13 (lower figure) that is non-
zero in presence of the neutrino mass. The helicity coherence
resonance can be seen at 34 km. The different colors correspond
to different neutrino energies. The solid lines are the results for
m0 = 0.1 eV, while the dotted lines are for the unrealistic value
of m0 = 100 eV.
occur prior to any flavor conversions. Indeed, numerical
computations give the same results as before : a very nar-
row resonance, without any helicity conversion. The first
MNR crossing does not lead to any flavor conversions, the
adiabaticity of the evolution being not sufficient, while
the second MNR crossing is efficient. Because of these
conversions, the potential heeνν is modified and no longer
changes of sign. The oscillated neutrino potentials ob-
tained with our 2 × 2 code shows that because of flavor
conversions, the last two helicity coherence resonances
are turned into three resonances at 70, 82 and 91 km.
We numerically investigated these resonances, which
are superimposed with the symmetric MNR, and ob-
tained the same results as for the symmetric MNR with-
out mass terms. Neutrinos and anti-neutrinos survival
probabilities are shown in Figure 10 for different neu-
trino energies, in the region where both the MNR and the
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FIG. 8. Model B : Electron neutrino survival probability (up-
per) and adiabaticity (lower figures). The results for different
energies are indistinguishable.
helicity resonance condition are fulfilled. At the MNR,
neutrinos undergo a strong (adiabatic) conversion while
antineutrinos evolve semi-adiabatically through the res-
onance. At the helicity coherence resonance, both neu-
trinos and antineutrinos have a non-adiabatic evolution.
Figure 11 shows |hG,11 − hG,33| and its associated off-
diagonal element with two different values of the neutrino
absolute mass m0 = 0.1 eV and m0 = 100 eV, around
the helicity coherence resonance. As in the case of model
B, we take α = pi3 . Their behaviors are similar to those
of model B. In particular, despite having |hG,13| close to
|hG,11−hG,33| for the lower energies and for m0 = 100 eV,
the resonance is too narrow to render helicity conversions
possible.
Note that, in this model, the MNR is symmetric, and
heeνν + h
xx
νν changes of sign. Because of this, we also meet
the three other resonances Eqs.(53), (55) and (54). Nu-
merical investigations show that they are very similar to
the helicity coherence resonance Eq. (52) : the evolution
through these extremely narrow resonances is completely
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FIG. 9. Same as Figure 4 but for Model C (Table II).
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FIG. 10. Model C : Electron neutrino (upper) and antineu-
trino (lower figure) survival probabilities for different energies,
in presence of a symmetric MNR at 59 km (see Figure 9) and
of a helicity coherence resonance around 103 km. The aver-
aged probabilities are also shown.
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FIG. 11. Model C : Resonance condition (52) and the off-
diagonal matrix element hG,13 for two different value of the
absolute mass m0.
non-adiabatic, hence, no conversion occurs.
IV. NON-LINEAR FEEDBACK MECHANISMS
We discuss here general aspects of the conditions to
have multiple MSW resonances and a non-linear feed-
back mechanism. By using first-order perturbative de-
velopments of the matrix elements, we first analyse two
cases where such mechanisms operate, using heuristic ar-
guments. Then, we study why the necessary matching
conditions are difficult to meet in more realistic helicity
coherence models. Obviously the arguments we give are
valid if the average variations on short time scales catch
the behaviour on larger time scales.
A. Non-linear feedback in the MNR
The MNR phenomenon can maintain over long distances
(several hundreds of kilometers) due to a non-linear
feedback mechanism that appears because of the self-
interaction term. It involves multiple MSW-like reso-
nances, as discussed in Refs.[16, 28]. Therefore to main-
tain the resonant phenomenon, condition (50)
λYe ' − (heeνν − hxxνν) + 2ωc2θ, (61)
has to be encountered several times. On the left-hand
side, the matter profile depends on the distance r and
is determined by the model used. On the right-hand
side, the self-interaction term depends on the geometri-
cal factors Eqs.(B11)-(B14), the conversion probabilities
and the neutrino fluxes. Note that for antineutrinos, the
vacuum term has an opposite sign, making the value of
the electron density at the resonance location slightly
smaller than the one for neutrinos. In Eq.(61) the differ-
ence between the diagonal elements of the self-interaction
Hamiltonian can be rewritten as9
heeνν − hxxνν =
√
2GF
∫ ∞
0
dp [(2Pνe→νe − 1) (Gνejνe −Gνxjνx)
− (2Pν¯e→ν¯e − 1) (Gν¯ejν¯e −Gνxjνx)] .
(62)
where trace conservation has been used. Figure 12
presents an enlarged region of the matter potential as
well as the oscillated self-interaction term heeνν − hxxνν for
neutrinos and antineutrinos. This is a typical example
of the situations encountered in simulations. One can
see that the resonance condition is multiply crossed, a
characteristics of a non-linear feedback.
Let us assume that the resonance condition (61) is
reached for neutrinos at time t, and estimate if it would
be possible to encounter it at time t+ ∆t. By assuming
that the resonance triggers a small conversion of neu-
trinos, during the time-lapse t → t + ∆t, the electron
neutrino survival probability becomes
Pνe→νe → Pνe→νe −∆P, (63)
with ∆P > 010, while the matter term in Eq. (61) gets
λYe → λYe + d(λYe)
dt
∆t. (64)
9 Note that, in this section, the dependence on time and energy of
the various quantities is not explicitly shown for readability.
10 We assume that the amplitude of the oscillations of the proba-
bilities are small compared to the conversions triggered by the
resonance, hence the sign of ∆P. Note that antineutrinos are
not converted since we consider the MNR and not the sMNR.
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FIG. 12. Matter profile λYe for model A (solid line), and
the right-hand side of Eq.(61) for neutrinos (dashed line) and
antineutrinos (dotted line). The pentagons show the multiple
crossing where NMR resonance condition Eq.(61) is fulfilled.
On the other hand, the corresponding variation of the
self-interaction term in Eq.(61) includes two contribu-
tions
1√
2GF
(heeνν −hxxνν)→
1√
2GF
(heeνν − hxxνν)
− 2
∫ ∞
0
dp∆P (Gνejνe −Gνxjνx)
+ ∆t
∫ ∞
0
dp
[
(2Pνe→νe − 1)
(
G˙νejνe − G˙νxjνx
)
− (2Pν¯e→ν¯e − 1)
(
G˙ν¯ejν¯e − G˙νxjνx
)]
.
(65)
The second term, arising from ∆P, is negative because
Gνejνe > Gνxjνx . As for the third term, in the case of the
MNR, (2Pνe→νe − 1) ≤ (2Pν¯e→ν¯e − 1) and as it can be
observed from Figures 2-3, |G˙ν¯ejν¯e−G˙νxjνx | ≥ |G˙νejνe−
G˙νxjνx |. Hence, the third term has a positive sign since
it is dominated by antineutrinos and the derivatives of
the geometric coefficients are always negative.
To fulfill condition Eq. (61) again at time t + ∆t, we
need to have a matching between the variation of the
self-interaction contribution and the slope of the matter
potential. This matching requires the flavor conversions
and the decrease of the geometric factors to compensate.
For example, for an increasing matter profile, we find that
the flavor conversion must have a bigger weight that the
decrease of the geometric factor in order to have multiple
crossing due to non-linear feedback. Let us emphasize
that the oscillations of the self-interaction term on the
right-hand side of Eq. (61) around the matter potential
are possible because these two contributions have oppo-
site signs : hence, they create a yo-yo effect (see Figure
12)11.
Interestingly we have observed that imposing the non-
trace part of hxxνν to be zero does not prevent the non-
linear feedback to happen. Indeed, the same analysis
can be repeated and shows that non-linear feedback is
still possible.
B. Non-linear feedback in a one-flavor model
Having discussed under which conditions the non-
linearity of the equations enables multiple resonances for
the MNR, we perform a similar analysis for helicity co-
herence effects within the model of Ref.[23]. In fact it
is found that a cancellation between the matter and the
self-interaction terms occurs over long distances, and a
non-linear feedback mechanism produces significant fla-
vor change (depending on the parameters of the model).
Such a model considers only one neutrino flavor, and the
associated antineutrino, propagating in a matter back-
ground of electrons, (anti)neutrinos and neutrons. Neu-
trinos traveling along the symmetry axis of a cone inter-
act with those emitted with a fixed angle θ = 45◦.
With these assumptions, the generalized Hamiltonian
is
hG(t) =
(√
2GFnBYe + h
ee
νν
m
p h
⊥,ee
νν
m
p
(
h⊥,eeνν
)† √
2GFnB (1− 2Ye)− heeνν
)
,
(66)
where heeνν = 2
√
2GF (1− u) (nν − nν¯), u = cos(θ), with
the (anti)neutrino number density nν (nν¯) and
nν − nν¯ =
∫
dp φ (p) ρee (r, p)
=
∫
dp φ (p)Pνe→νe (r, p) , (67)
φ being a function that includes the Fermi-Dirac distribu-
tions and other numerical factors (which are not relevant
here). The off-diagonal term in Eq.(66) is
h⊥,eeνν = 2
√
2GF
√
1− u2 (nν − nν¯) . (68)
With this generalized Hamiltonian, the helicity coher-
ence resonance condition becomes
√
2GFnB (3Ye − 1) + 2heeνν ' 0, (69)
11 Had they had the same sign, more peculiar conditions would have
been needed to get several crossings.
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and is satisfied if a cancellation between the matter and
the self-interaction terms takes place. The Ye value at
resonance can be written as
Y rese '
1
3
− 4
3
(1− u) nν − nν¯
nB
. (70)
In [23], it is argued that the neutrino contribution being
relatively small, this resonance is located around Y 0e =
1
3 .
In the model, nB is taken to be a constant while Ye is
increasing according to the profile Ye = Y
0
e +
r
λ
(
1 + r
2
κ2
)
,
where λ and κ are two parameters that are allowed to
vary.
Let us perform the same analysis as for the MNR, and
suppose that the resonance condition (70) has been ful-
filled at time t, and has triggered a small neutrino con-
version Pνe→νe → Pνe→νe −∆P. Note that, here, ∆P is
due to a conversion of neutrinos into antineutrinos and
vice versa. Then, the lepton number density Eq.(67) de-
creases
nν − nν¯ → nν − nν¯ −∆nν−ν¯ , (71)
where ∆nν−ν¯ =
∫
dp φ (p) ∆P.
Therefore the Ye value at resonance increases according
to
Y rese → Y rese +
4
3
(1− u) ∆nν−ν¯
nB
. (72)
Since the chosen Ye profile increases, it is possible to en-
counter the resonance more than once. However, as in
the case of the MNR, one needs the matching between the
slope of Ye and the conversion ∆P of neutrinos into an-
tineutrinos on a short time-scale, that are expected to be
small. Therefore, this analysis indicates that, provided
that Ye increases very slowly, the resonance condition can
be fulfilled several times12.
C. Non-linear feedback and helicity coherence
Let us now explore the possibility of having a non-
linear feedback for the helicity coherence resonance. We
study here the resonance condition (52), though the dis-
cussion can be easily extended to the three other reso-
nance conditions Eqs.(53), (55) and (54). The resonance
condition (52) is fulfilled for
nB (3Ye − 1) ' − 2√
2GF
heeνν . (73)
12 Note that, since here there is no variations due to geometry, the
small oscillations of the survival probabilities are sensible, and
lead oscillations of Y rese (see Figure 3 of Ref.[21]).
In most cases we have studied, the electron antineutrino
contribution dominates along the trajectories, hence
heeνν ≤ 0, making resonance condition fulfilled for Ye ≥ 13 .
The self-interaction term (42) can be written as
1√
2GF
heeνν =
∫ ∞
0
dp [(Pνe→νe + 1)Gνejνe
− (Pν¯e→ν¯e + 1)Gν¯ejν¯e
+ (Pνx→νe − Pν¯x→ν¯e)Gνxjνx ] . (74)
We consider the case of Model B where the MNR reso-
nance condition is not met while the helicity coherence
one is. In this case, Pνx→νe and Pν¯x→ν¯e are frozen and
equal to zero, while the variations of Pνe→νe and Pν¯e→ν¯e
are both equal to ∆P.
Let us suppose that the resonant condition (73) is ful-
filled at time t and has triggered conversion of neutrinos
into antineutrinos. By using Eq.(63) and a similar rela-
tion for antineutrinos, the self-interaction term varies as
13
1√
2GF
heeνν →
1√
2GF
heeνν −
∫ ∞
0
dp∆P (Gνejνe −Gν¯ejν¯e)
+ ∆t
∫ ∞
0
dp
[
(Pνe→νe + 1) G˙νejνe
− (Pν¯e→ν¯e + 1) G˙ν¯ejν¯e
]
. (75)
The contribution due to ∆P is positive when antineutri-
nos dominate the emissions at the neutrinosphere; while
the one from the gradient of the geometrical factors are
also positive in BNS merger environments. This gives
overall a positive sign. If the matter potential gradient
is positive, the matching condition becomes impossible.
On the other hand if the matter gradient is negative,
peculiar conditions would be necessary to produce oscil-
lations (characteristics of a non-linear feedback mecha-
nism) of heeνν around the matter term
√
2GFnB (3Ye − 1)
(similarly to Figure 12 for the MNR).
It can be noticed that even if we had a electron-
neutrino dominated environment such as core-collapse
supernovae, in which the fulfillment of the resonance
condition (73) would require Ye <
1
3 , the two contribu-
tions to the variation of heeνν would still have the same
sign14, making it difficult to establish a non-linear feed-
back mechanism. A different geometry with softer geo-
metric factors might make the matching of the two terms
in the helicity resonance condition easier to meet.
13 As for the MNR, we suppose that the small oscillations in the
survival probabilities are negligible in comparison with the vari-
ations of the geometric coefficients.
14 Unless there are very specific flavor conversions beforehand.
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Let us conclude that for such a resonance, a non-linear
feedback would enable to increase greatly the adiabatic-
ity. Indeed, using the expression of the adiabaticity pa-
rameter γm introduced in Eq. (C5), we find that with-
out a matching of the derivatives of hG,11 and hG,33,
γm is proportional to (
m
q )
2. For a typical value of
m
q ≈ 10−7−10−8, we see that this adiabaticity parameter
is extremely small. A non-linear feedback would enable
the matching of the derivative, and increase γm up to
γm = O(mq ).
V. CONCLUSIONS
We have explored the impact of mass contributions on
neutrino flavor evolution in astrophysical environments.
These non-relativistic corrections appear in extended
mean-field descriptions of neutrino propagation. We have
discussed conditions for the resonances associated with
such mass terms and pointed out that, in particular, they
require the matter potential to be larger than the neu-
trino self-interaction potentials.
We have presented the first study of mass effects in
a binary neutron star merger environment. In partic-
ular we have built a two-flavor model based on two-
dimensional BNS merger simulations. We have presented
numerical results on the neutrino probabilities and adi-
abaticity during flavor evolution for the following three
model cases where resonance conditions are fulfilled : A)
MNR; B) helicity coherence ; C) MNR and helicity co-
herence. These are representative of the ensemble of re-
sults we have been obtaining. An important result we
find is that resonance conditions can be met in simula-
tions of astrophysical environments such as BNS mergers.
However adiabaticity is not sufficient to produce efficient
flavor conversion due to helicity coherence.
It has to be noted that our model is based on the ansatz
that, in the self-interaction Hamiltonian, the flavor evo-
lution of the neutrino modes behave the same as the test
neutrino. This approximation gives more weight to the
geometrical factor present in the helicity coherence term.
Therefore one cannot exclude that the implementation
of the full geometrical dependence of the density matrix
might introduce some differences with respect to our find-
ings. It is likely, however, that the induced decoherence
among the neutrino modes might also not be in favor of
adiabaticity.
From the present investigation, some general conclu-
sions can be drawn on mass effects. First of all, resonance
conditions for helicity coherence can be met in realistic
astrophysical scenarios. On the other hand, the factor
m/q suppresses the mass terms values by 10−7 − 10−8,
if one considers a typical neutrino energy and 0.1 eV
as upper limit on the absolute neutrino mass. However
their role could be magnified by a non-linear feedback
mechanism. We have investigated why multiple cross-
ings, characteristic of such a feedback are absent in our
study. To this aim two cases have been considered where
non-linear feedback is operative : the neutrino-matter
resonances and the model of Ref.[23]. In fact, in the case
of the MNR there is a matching between the derivative
of the matter potential and the variations of the self-
interaction contribution. Such a matching is possible if
the variation arising from flavor contribution and the one
arising from the decrease of the geometric factors have
the proper weights in order to enable the difference of
the self-interaction terms to follow the matter term.
In the model of Ref.[23] the signs of the variations on
short time-scales still render multiple resonances possi-
bles. The adiabaticity being governed by the derivative
of the matter term, this matching produces sufficiently
adiabatic evolution and a non-linear feedback. This is in
agreement with the results of [23], which showed that,
for a given value of the mass m, λ has to be chosen large
enough so that the non-linear mechanism can take place.
Note that here the non-linear adjustment does not in-
volve geometrical factors.
Our analysis reveals that the MNR and in helicity co-
herence resonance are essentially of the same nature. In-
deed, they both come from the cancellation of a matter
term and a self-interaction term. Moreover, the con-
ditions required to trigger a non-linear feedback phe-
nomenon are very similar, though the weighting of the
different terms differs.
For the case of helicity coherence we have argued that
the peculiar conditions for multiply crossing the reso-
nance condition are difficult to meet because of the strong
r-dependence of the geometrical factors, of the ν¯e over νe
dominance in BNS mergers and of the derivative of the
matter potentials. However our findings also show that,
even in a core-collapse environment where Ye < 1/3, mul-
tiple resonances would still be difficult to meet under
normal conditions. Softer geometric coefficients, met in
different environments, could make this matching easier
to achieve.
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Appendix A: Extended evolution equations with
mass contributions : Dirac case
In the case neutrinos are Dirac particles, one has to evolve
two extended equations including the mass contributions,
namely
iρ˙D,G (t, ~q ) = [hD,G (t, ~q ) , ρD,G (t, ~q )] , (A1)
and
i ˙¯ρD,G (t, ~q ) =
[
h¯D,G (t, ~q ) , ρ¯D,G (t, ~q )
]
. (A2)
The explicit expressions of the generalised Hamiltonian
in Eq.(6) is
hD,G (t, ~q )≡
(
H(t, ~q ) Φ˜(t, ~q )
Φ˜†(t, ~q ) H˜(t, ~q )
)
, (A3)
while the generalized density is given by
ρD,G (t, ~q ) ≡
(
ρ−−(t, ~q ) ρ−+(t, ~q )
ρ+−(t, ~q ) ρ++(t, ~q )
)
≡
(
ρ(t, ~q ) ζ(t, ~q )
ζ†(t, ~q ) ρ˜(t, ~q )
)
,
(A4)
where the subscripts in the density matrix ρ−−, ρ−+, ρ++
indicate the possible helicity states. In particular, the
correlator ρ++ refers to a sterile state and the ρ−+ cou-
ples neutrinos to such sterile component.
For the antineutrino sector, the generalized density is
given by
ρ¯D,G (t, ~q ) ≡
(
ρ¯−−(t, ~q ) ρ¯−+(t, ~q )
ρ¯+−(t, ~q ) ρ¯++(t, ~q )
)
≡
(
˜¯ρ(t, ~q ) ζ¯†(t, ~q )
ζ¯(t, ~q ) ρ¯(t, ~q )
)
,
(A5)
with ρ¯++ the usual density matrix for antineutrinos, ρ¯−−
corresponding to a sterile state and ρ¯−+ that couples the
sterile with active antineutrino states. The generalized
Hamiltonian in the antineutrino sector reads
h¯D,G (t, ~q )≡
(
˜¯H(t, ~q ) Φ¯†(t, ~q )
Φ¯(t, ~q ) H¯(t, ~q )
)
, (A6)
In the Hamiltonian expressions (A3) and (A6), the off-
diagonal terms couple the neutrinos or antineutrinos with
sterile components, as in presence of magnetic fields [30].
Therefore one gets for the component of hD,G(t)
Eq.(A3) the following expressions, by retaining contri-
butions up to order O(m/q) from the neutrino mass in
the interaction terms
H(t, ~q ) = S(t, q)− qˆ · ~V (t)− qˆ · ~Vm(t), (A7)
Φ˜(t, ~q ) = eiφq ˆ∗q · ~V (t)
m
2q
, (A8)
H˜(t, ~q ) = h0(q), (A9)
and for ρ¯D,G(t) Eq.(A6)
H¯(t, ~q ) = S¯(t, q)− qˆ · ~V (t)− qˆ · ~Vm(t), (A10)
Φ¯(t, ~q ) = eiφq ˆq · ~V (t)m
2q
, (A11)
˜¯H(t, ~q ) = −h0(q), (A12)
The quantities S(t, q), S¯(t, q) and ~V (t) are defined in Eqs.
(11), (12), and (18) respectively. The mass correction to
the vector component of the self-interaction Hamiltonian
reads
~Vm(t) = −
√
2GF
∫
d3p
(2pi)3
{
e−iφp ˆp Ω(t, ~p )
m
2p
+ h.c.
}
−
√
2GF tr
∫
d3p
(2pi)3
{
e−iφp ˆp Ω(t, ~p)
m
2p
+ h.c.
}
,
(A13)
which gives an extra contribution to the diagonal part of
the generalized Hamiltonians.
Appendix B: Geometric factor in the perpendicular
self-interaction term
Rνα
O
•
Q0
r
• ~q
x
z
θq
φq
FIG. 13. Side view of the accretion disk, with the central
object located at the center. The radius of the disk is flavor
dependent and is denoted Rνα . A neutrino is emitted near the
disk at the point Q0, and then leaves it with a momentum ~q
located by its spherical coordinates (q, θq, φq). The coordinate
r is the distance between the location of the neutrino at time
t and its emission point, with the corresponding cartesian
coordinates (x, 0, z).
In this section, we compute the geometric factor that is
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involved in
h⊥νν(r, q, `q) =
√
2GF
∑
α
∫ ∞
0
dp
{∫
Ωνα
(ˆ∗ (qˆ) · pˆ) ρνα(r, p, `p)dnνα
−
∫
Ων¯α
(ˆ∗ (qˆ) · pˆ) ρ¯ν¯α(r, p, `p)dnν¯α
}
, (B1)
where qˆ is the vector of the propagating neutrino, with
coordinates (θq, φq),  (qˆ) is the unitary vector introduced
in Eq.(26), dnνα denotes the differential neutrino number
density. In the spherical coordinates introduced before,
ˆ (qˆ) reads
 (qˆ) = qˆθ − iqˆφ =
cosφq cos θq + i sin θqsin θq cos θq − i cosφq
− sin θq
 , (B2)
hence,
∗ (qˆ) · pˆ = (cosφq cos θq − i sin θq) sin θp cosφp
+ (sin θq cos θq + i cosφq) sin θp sinφp
− sin θq cos θp. (B3)
With the approximation given by Eq.(40) for the den-
sity matrix, the angular integral that needs to be per-
formed is reduced and becomes
G⊥να (r, `q) =
∫
Ωνα
(ˆ∗ (qˆ) · pˆ) dφpd cos θp. (B4)
The procedure to perform the angular integral Eq.(B4) is
analogous to the case of the geometrical factor appearing
in the usual self-interaction Hamiltonian Eq.(39), as done
in Refs.[12, 14, 16].
Following Ref.[27], we express the variables (θp, φp) as
functions of the polar coordinates of the emission point
on the disk, (rd, ϕ) (Figure 14). The following relations
tan θp =
1
z
√
x2 + r2d − 2xrd cosϕ, (B5)
cosφp =
x− rd cosϕ√
x2 + r2d − 2xrd cosϕ
, (B6)
with x = x0 + r sin θq and z = z0 + r cos θq, enable to
compute the Jacobian of the transformation, leading to∫
Ωνα
dφpd cos θp =∫ Rνα
0
drd
∫ 2pi
0
dϕ
rdz
(x2 + z2 + r2d − 2xrd cosϕ)3/2
.
(B7)
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FIG. 14. Bird’s eye view of the accretion disk. The emis-
sion point of the neutrino is located by its polar coordinates
(rd, ϕ).
Let us define Γ⊥ (rd, r, `q) such that
G⊥να (r, `q) =
∫ Rνα
0
drd (rdz) Γ
⊥ (rd, r, `q) . (B8)
Then, using (B3) and (B7), the angular integration over
ϕ can be performed and leads to :
Γ⊥ (rd, r, `q)
=
pi
(ml)
3/2
{(m+ l) [x (cosφq cos θq − i sinφq)− z sin θq]
−4xr2d (cosφq cos θq − i sinφq)
}
, (B9)
where m = (x+ rd)
2
+ z2 and l = (x− rd)2 + z2. Note
that the integrals performed here are the same as the ones
in the case of the usual self-interaction term Eq.(42), but
weighted differently. In the case of φq = 0, Γ
⊥ is reduced
to
Γ⊥ (rd, r, `q)
=
pi
(ml)
3/2
[
(m+ l) (x cos θq − z sin θq)− 4xr2d cos θq
]
.
(B10)
As for the geometrical factor along the neutrino direc-
tion of motion, one has
Gνα (r, `q) =
∫ Rνα
0
drd (rdz) Γ (rd, r, `q) . (B11)
where we define Γ (rd, r, `q) similarly to Γ
⊥. It also in-
volves angular integrals, with different weights as in the
21
case of the perpendicular term
Γ (rd, r, `q) =
∫ 2pi
0
dϕ [1− sin θq sin θp (cosφq cosφp
+ sinφq sinφp)− cos θq cos θp]
× 1
(x2 + z2 + r2d − 2xrd cosϕ)3/2
, (B12)
where the angles θp and φp must be expressed as func-
tions of (rq, ϕ). The explicit ϕ-integration in Eq. (B12)
yields, for φq = 0
Γ (rd, r, `q) =
4
l
√
m
E
(√
m− l
m
)
− pi
(ml)
3/2
[
(m+ l) (z cos θq + x sin θq)− 4xr2d sin θq
]
,
(B13)
where the relation m − l = 4xrd has been used, with m
and l defined previously, and E(k) denotes Legendre’s
complete elliptic integral of the second kind
E(k) ≡
∫ pi/2
0
dθ
√
1− k2 sin2 θ, (B14)
where we have extended the usual definition domain from
k ∈ [0, 1] to k ∈ [0, 1] ∩ iR. Note that −Γ/2 with the
replacement φq 7→ pi − φq corresponds to the geometric
factor C given in [12]. Note also the different convention
used to denote the elliptic integral.
Appendix C: Adiabaticity
We remind that in the SU(2) isospin formalism the equa-
tions of motion are replaced by precession equations
where an effective magnetic field is built from the Hamil-
tonian. In the two flavor case it is given by
~B =
 2 Re(Hex)−2 Im(Hex)
Hee −Hxx
 , (C1)
and the effective isospins are constructed from the density
matrices
~P =
1
2
 2 Re(ρex)−2 Im(ρex)
ρee − ρxx
 , (C2)
The third component of the isospin vectors gives informa-
tion on the flavor content, while the x- and y-components
of the isospins contain the mixings.
In our analysis of mass effects, we consider that at
the helicity coherence resonance, flavor conversions are
frozen, which is well justified when MNR and the helic-
ity coherence resonances are separated or the MNR is
ineffective. Hence, the system is effectively reduced to
2 × 2 corresponding to electron neutrinos and electron
antineutrinos. We can then define the effective magnetic
field as
~Bm =
 2 Re(hG,13)−2 Im(hG,13)
hG,11 − hG,33
 , (C3)
and the effective isospin
~Pm =
1
2
 2 Re(ρ−+ee )−2 Im(ρ−+ee )
ρ−−ee − ρ++ee
 . (C4)
Within this formalism, the MSW resonance condition
corresponds to the third component of the magnetic field
being zero while the evolution is adiabatic if the preces-
sion of the isospins is fast compared to the rate of change
of the magnetic field. In this case, the isospins manage
to keep approximately alignment with the effective mag-
netic fields, so that the cosine of the angle between the
total isospin and the magnetic fields remains similar be-
fore and after the resonance. Another way of quantifying
adiabaticity of the evolution is through the gamma factor
γ =
| ~B|3∣∣∣d ~Bdt × ~B∣∣∣ . (C5)
where ~B stands for ~B (C1) or ~Bm (C3) in our notations.
If γ  1 evolution is adiabatic.
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